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Abstract

This article presents a mathematical characterization of object-oriented concepts by defin-
ing an observation-oriented semantics for a relational object-based language with a rich
variety of features including subtypes, visibility, inheritance, type casting, dynamic bind-
ing and polymorphism. The language can be used to specify object-oriented designs as well
as programs. We present a calculus that supports both structural and behavioral refinement
of object-oriented designs. The design calculus is based on the predicate logic in Hoare and
He’s Unifying Theories of Programming (UTP).
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1 Introduction

Software engineering is mainly concerned with using techniques to systematically
develop large and complex program suites. In the search for techniques for mak-
ing software development more productive and software systems more reliable,
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object-oriented programming and formal methods are two important but largely
independent approaches which have been influential in recent years.

The concept ofobjectsis important concept in software development. Experimen-
tal languages of the 1970’s provided various definitions of package, cluster, mod-
ule, etc. They promote modularity and encapsulation, allowing the construction of
software components which hide state representations and algorithmic mechanisms
from users, and export only pertinent features. This produces components with a
level of abstraction by separating the view of what a module does from the details
of how it does them. It is clear that certain features of objects, particularlyinheri-
tanceand the use ofobject referencesas part of the data stored by an object, could
be used to construct large systemincrementallyand efficiently, as well as making
it possible toreuseobjects in different contexts.

It is essential that software engineering is given the same basis in mathematics
as other engineering disciplines. There has been good progress, resulting in three
main paradigms: model-based, algebraic and process calculi. Practitioners of for-
mal methods and experts in object technology have investigated how formal speci-
fication can supplement object-oriented development [34], and how it may help to
clarify the semantics of object-oriented notations and concepts. Examples of such
work include the formalization of the OMG’s core object model [29] using Z.

Model-based formalisms have been used extensively in conjunction with object-
oriented techniques, via languages such as Object-Z [53], VDM++ [17], and meth-
ods such as Syntropy [16] which uses the Z notation and Fusion [15] that is based
on VDM. Whilst these formalisms are effective at modelling data structures as
sets and relations between sets, they are are not designed for defining semantics
of object-programs and thus do not deal with more sophisticated object-oriented
mechanisms of object-oriented programming languages, such as dynamic binding
and polymorphism.

Cavalcanti and Naumann defined an object-oriented programming language, called
ROOL, with subtypes and polymorphism [13, 45] using predicate transformers.
Sekerinski [51, 43] defined a rich object-oriented language by using a type sys-
tem with subtyping and predicate transformers. However, neither reference types
nor mutual dependency between classes are within the scope of these approaches.
Because of complex flow of control, it is not feasible to calculate the weakest pre-
condition of an object-oriented program for a given post condition. Thus semantic
proofs of refinement rules in ROOL are quite hard and complex even without refer-
ences. Without the inclusion of reference types, some interesting refinement rules
can not be proved [10]. America and de Boer have given a logic for the parallel lan-
guage POOL [4]. It applies to imperative programs with object sharing, but without
subtyping and method overriding. Abadi and Leino have defined an axiomatic se-
mantics for an imperative, object-oriented language with object sharing [1], but it
does not permit recursive object types. Poetzsch-Heffter and Müller have defined a
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Hoare-style logic for object-oriented programs that relaxes many of the previous re-
strictions [47]. However, the specification of a method in the Poetzsch-Heffter and
Müller logic is derived from the method’s known implementation [36]. Leino has
presented a logic in [36] with imperative features, subtyping, and recursive types.
It allows the specification of methods, but inheritance is restricted and visibility is
not considered.

In this article, we present part of a model and a refinement calculus (named as
rCOS) for component and object systems. We focus on a mathematical character-
ization of object-oriented concepts, and provide a proper semantic basis essential
for ensuring the correctness of programs and for developing tool support for formal
techniques. We define an object-oriented language with subtypes, visibility, ref-
erence types, inheritance, type casting, dynamic binding and polymorphism. The
language is similar to Java and C++. It has been used to develop meaningful case
studies and to capture some of the central difficulties in modelling object-oriented
designs and programs. However, we will not consider garbage collection, attribute
hiding, multiple inheritance and exception handling.

rCOS is class-basedand refinement is about makingcorrectchanges to the struc-
ture, methods of classes and the main program. The logic ofrCOS is a conser-
vative extensionof standard predicate logic [28]. In our model, both commands
and class declarations are identified as predicates whose alphabets include logic
variables representing the initial and final values of program variables, as well as
those variables representing the contextual information of classes and their links.
A variable of a built-in primitive type, such as the typeInt of integers, stores data
of the corresponding type whereas a variable of an object type holds the identity
or reference and the current type information of an object as its value. We define
the traditional programming constructs, such as conditional, sequential composi-
tion and recursion, in exactly the same way as their counterparts in an imperative
programming language without reference types. This makes our approach more ac-
cessible to users who are already familiar with the existing imperative languages.
All the laws about imperative commands remain valid without the need of reprov-
ing.

Another contribution of this work is to relate the notions of refinement and data
refinement [27, 44, 6] in imperative programming to refactorings [19] and object-
oriented design patterns forresponsibility assignments[20, 35]. Initial attempts to
formalise refactorings in [50, 54] are advanced by providing a formal justification
of the soundness of the refactoring rules. The theories in [13, 36, 5, 10] on object-
oriented refinement are also advanced by dealing with large scale object-oriented
program refinement with refactorings, functionality delegation, data encapsulation
and class decomposition. Our refinement rules have been strongly motivated by the
formal treatment of transformations of multi-view models, such as UML [40, 41]
and Rational Unified Process [31, 33].
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For simplicity, we do not consider attribute domain redefinition or attribute hiding.
Our interest is in program requirement specification, design, verification and re-
finement; attribute domain redefinition and attribute hiding are language facilities
mainly used for programming around defects in requirement specification or for
the reuse of classes in a way that was not originally intended. For similar reasons,
we ignore interfaces, throws clauses, concurrency, method name overloading, in-
ner classes and method pointers. Some issues, such as concurrency and exception
handling will be treated in a planned extension of this work.

The notion ofdesignsin Unifying Theories of Programming [28] is introduced
in Section 2. In Section 3 we define the syntax ofrCOS. The semantics is given
in Section 4, with a discussion about behavioral refinement of object-oriented de-
signs (commands) under the same class declarations. The laws just extend the laws
in UTP to object-oriented commands. In Section 5, we define a notion of object-
oriented refinement that allows us to (i) refine both the class declarations and main
methods, and (ii) explore structural refinement. In Section 6, we present refinement
laws that capture the essence of object-oriented design and programming. We pro-
vide proofs for some of these laws. The semantic definition ofrCOS is essential
for the precise justification of these laws. We will draw conclusions and discuss
related and future work in Section 7.

2 Semantic Basis

The execution of a program is modelled as a relation betweenprogram states. Here,
the concept of state is more general than in a sequential language. For example,
for a terminating sequential program, we are only interested in the initial inputs
and final outputs. For a program which may not terminate, we need an observable
by which we can describe whether or not the program terminates for its input.
For concurrent and communicating programs, we observe the possibletracesof
interactions,divergenciesandrefusals, in order to verify if a program is deadlock
free and livelock free. For real-time programs, we might observe time. Identifying
what to observe in systems is one of the core ideas of UTP.

For a programP, we call what is to be observed theobservablesor alphabetof
P, denoted byα(P) or simply α when there is no confusion. An observable ofP
may take different values for different executions or runs, but from the same value
space called thetypeof the observable. Therefore, an observable is also avariable.
Observables need not to appear in the program text but they are needed to define
the semantics of the program.

Given an alphabetα, a stateof α is a (well-typed) mapping fromα to the value
spaces of the observables. A programP with an alphabetα is then defined as a pair
of predicates, called adesign, represented asPre` Post, with free variables inα. It
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is generally interpreted as if the value of observables satisfies thepreconditionPre
at the beginning of the execution, the execution willgenerateobservables satisfying
thepostconditionPost.

2.1 Programs as designs

This subsection summarises how the basic programming constructs can be defined
as designs. For further details we refer the reader to the book on UTP [28].

For an imperative sequential program, we are interested in observing the values of
the input variablesinα and output variablesoutα. Here we take the convention that
for each input variablex ∈ inα, its primed versionx′ is an output variable inoutα,
that gives the final value ofx after the execution of the program. We use a Boolean
variableok to denote whether a program isstarted properlyand its primed version
ok′ to represent whether the execution has terminated. The alphabetα is defined as
the unioninα ∪ outα ∪ {ok, ok′}, while a design is of the form

(p(x) ` R(x, x′))
def
= ok∧ p(x) ⇒ ok′ ∧R(x, x′)

where

• p is a predicate overinα andR is a predicate overinα ∪ outα,
• p is theprecondition, defining the initial states,
• R is thepostcondition, relating the initial states to the final states,
• ok andok′ describe the initiation and termination of the program, respectively;

they do not appear in the program texts.

The design represents acontractbetween the “user” and the program such that if the
program has started properly in a state satisfying the precondition it will terminate
in a state satisfying the postconditionR.

A design is oftenframedin the form

β : (p ` R)
def
= p ` (R ∧ w′ = w)

wherew contains all variables ininα except for those inβ.

Before we define the semantics of a program, we first define some operations on
designs.

• Given two designs such that the output alphabet ofP is the same as primed
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command:c design: [[c]] description

skip {} : true` true does not change anything, but
terminates

chaos {} : false` true
anything, including non-
terminating, can happen

x := e {x} : true ` x′ = val(e)
side-effect free assignment;
updatesx with the value ofe

m(e; v)

[[var in, out]];

[[in:=e]]; [[body(m)]]; [[v:=out]];

[[end in, out]]

m(in; out) is the signa-
ture with input parameters
in and output parameters
out; body(m) is the body
command of the proce-
dure/method

Fig. 1. Basic commands as designs.

version of the input alphabet ofQ, the sequential composition

P(inα1, outα1); Q(inα2, outα2)
def
= ∃m · P(inα1,m) ∧Q(m, outα2)

• Conditional choice:(D1 ¢ b ¤ D2)
def
= (b ∧ D1) ∨ (¬b ∧ D2)

• Demonic and angelic choice operators:

D1 u D2
def
= D1 ∨ D2 D1 t D2

def
= D1 ∧ D2

• while b do D, also denoted byb ∗ c, is defined as the worst fixed point of the
relation expression((D; X) ¢ b ¤ skip), where the worst fixed point ofF (X) is
the lest upper bound of{F i(true) | i = 0, 1, . . .}.

Some primitive programming commands as framed designs are given in in Table of
Fig. 1. Composite statements are then defined by semantics operations on designs.

In general, when giving a semantics, preconditions are usually strengthened with
somewell-definednessconditions of the commands. Thus, the semantics of a pro-
gram or commandc is generally of the form

[[c]]
def
= D(c) ⇒ Spec

whereSpec is a design andD(c) is the well-definedness condition ofc. Well de-
finedness may be dynamic.

Strengthening preconditions by conjoining well-definedness conditions allows us
to modify an ill-defined command to a well-formed one by means of a refinement.
This approach supports incremental development as most cases of ill-definedness
commands are due to insufficient data or services. The addition of data, services
and components can thus be considered as refinements in our framework.
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In this article, variables capturing aspects of dynamic typing, visibility, etc, are used
to define the semantics of object-oriented programs. This ensures that the logic of
rCOS is a conservative extension to that used for imperative programs. All the
laws about imperative commands remain valid without the need of revision.

2.2 Refinement of designs

The refinement relation between designs is defined to be logic implication.

Definition 1 A designD2 = (α, P2) is arefinementof designD1 = (α, P1), denoted
by D1 v D2, if P2 entailsP1, that is

∀x1, . . . , xn, x′1, . . . , x
′
n, ok, ok′ · (P2 ⇒ P1)

wherex1, . . . , xn, x′1, . . . , x
′
n are the variables inα. D1 = D2 if D1 v D2 ∧D2 v D1

♣

If the two designs do not have the same alphabet, we can use data refinement to
relate their state spaces, as well as their behaviour

Definition 2 Let ρ(α2, α1) be a many to one mapping from the state space ofα2 to
the state space ofα1. DesignD2 = (α2, P2) is a refinementof designD1 = (α1, P1)
underρ, denoted byD1 vρ D2, if

((true` ρ(α2, α
′
1)); P1) v (P2; (true` ρ(α2, α

′
1)))

Notice that both sides of the above refinement have the same alphabetα1 ∪ α2.

♣

It is easy to prove thatchaosis the worst program, i.e.chaos v P for any program
P. For more algebraic laws of imperative programs, please see [28].

The following theorem establish that designs can be used for defining a semantics
of programs.

Theorem 1 The notion of designs is closed under programming constructors:

((p1 ` R1); (p2 ` R2)) = ((p1 ∧ ¬(R1;¬p2)) ` (R1; R2))

(p1 ` R1) u (p2 ` R2) = (p1 ∧ p2) ` (R1 ∨R2)

(p2 ` R1) t (p2 ` R2) = (p1 ∨ p2) ` ((p1 ⇒ R1) ∧ (p2 ⇒ R2))

((p1 ` R1) ¢ b ¤ (p2 ` R2)) = ((p1 ¢ b ¤ p2)) ` (R1 ¢ b ¤ R2)
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The proof can be found in [28].

3 Syntax ofr COS

In rCOS, an object system (or program)S is of the formCdecls•Main, consisting
of class declaration sectionCdeclsand a main methodMain. The main method is
a pair(extvar, c), whereextvar is a finite set ofexternal variables declarationand
c is a command. The class declaration sectionCdeclsis a finite sequence of class
declarationscdecl1; . . . ; cdeclk, where each class declarationcdecli is of the form

[private] class M [extends N] {
private T11 a11 = d11, . . . , T1m1 a1m1 = d1m1 ;

protected T21 a21 = d21, . . . , T2m2 a2m2 = d2m2 ;

public T31 a31 = d31, . . . , T3m3 a3m3 = d3m3 ;

method m1(T11 x1; T12 y
1
; T13 z1){c1};

· · · ;
m`(T`1 x`; T`2 y

`
; T`3 z`){c`}

}

where

• A class can be declared asprivate or public (the default is public). The class
section is aJava-like packageandMain an application program using the pack-
age. Only a public class or a primitive type can be used in the external variable
declarations ofMain.

• N andM are distinct names of classes, andN is called thedirect superclassof M.
• Attributes annotated withprivate, protectedandpublicare private, protected and

public attributes to the class, respectively. The types and initial values of at-
tributes are given in the declaration.

• A methoddeclaration declares the method, its value parameters (Ti1 xi), result
parameters (Ti2 y

i
), value-result parameters (Ti3 zi) and bodies (ci).

We use the Java convention, and assume that an attribute isprotectedwhen it is not
tagged withprivateor public. We assume, for simplicity, that all methods are public
and can be inherited by a subclass.

Symbols We assume the following disjoint infinite sets of symbols,
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• CNAME is used for the set of class names. We useC, D, M andN with possible
subscripts to range over this set.

• ANAMEis the set of symbols to be used as names of attributes, ranged over bya
with possible subscripts.

• VNAMEdenotes the set ofsimple variablesnames. We usex, y, andz, etc. for
simple variable names.

3.1 Commands

rCOS supports typical object-oriented programming constructs. It also provides
some commands for the purpose of specification and refinement. The syntax of
rCOS commands is:

c ::= skip| chaos| var T x[= e] | end x | c; c | c ¢ b ¤ c | c u c

| b ∗ c | le.m(e; e; e) | le := e| C.new(le)

whereb is a Boolean expression,e a general expression,e a list of expressions and
le an expression which may appear on the left hand side of an assignment, obeying
the form

le ::= x | self| le.a

where

• x is a simple variable anda an attribute.
• le.m(ve; re; vre) denotes a methodm call within the objectle. Expression lists

ve, re andvre are the actual value input parameters, result parameters and actual
value-result parameters, respectively.

• The commandC.new(le) creates a new object of classC whose attributes have
the initial values as declared inC and attaches the new object tole. WhenC has
attributes whose types are classes, we allow nested object creation. For example,
if D a is an attribute ofC, C.new(le)[D.new(a)] creates a new object of classC and
a new object ofD attached toC’s attributea.

• Commandvar T x = e declares a local variablex of typeT with an initial value
e; end x ends the scope of the local variablex.

A local variable can be declared a number of times with different types and
values before it is undeclared. Thus a local variablex may have a sequence of
declared types and it may takes sequence of values.
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3.2 Expressions

Expressions, which can appear on the right hand side of an assignment, are con-
structed according to the rules below.

e ::= x | a | null | self| e.a| (C)e| f(e)

wherenull represents the special value (or object),self is used to denote the active
object in the current scope (some object-oriented languages usethis), e.a is the
attributea of e, (C)e is type casting, andf is a built-in operation for a built-in
primitive type.

4 Semantics

We now show how to use the basic model of the UTP to define the semantics of
rCOS. We use[[E ]] to denote the semantics of an elementE, such as a command
and a class declaration. The semantics takes into account the following features:

• A program operates not only on variables of primitive types, such as integers and
Booleans, but also on variables ofobject reference types.

• To protect attributes from illegal accesses, the model addresses the problem of
visibility.

• An object can be associated with any subclass of its original declaration. To val-
idate expressions and commands in a dynamic binding environment, the model
keeps track of thecurrent typeof each object.

• The dynamic typeM of an object can be cast up to any superclassN and later cast
down to any class which is a subclass ofN and a superclass ofM (or M itself).
We record both thecast typeN and the current typeM of the object.

4.1 Structure, value and object

The class declaration sectionCdeclsof a program defines the types (value space)
and static structure of the program.

Structure We introduce the followingstructuralvariables:

• pricname= {private C | C is declared inCdecls}. We usepubcnameto record the
sets of names of the public classes in declared inCdecls. Let cnamebe the union
of these two sets.
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• superclass: the partial function

{M 7→ N | [private] class M extends N is declared inCdecls}

This function defines thatN is a direct superclass ofM. We define the general
superclass class relationÂ to be the transitive closure ofsuperclass, andNº M if
NÂ M or N = M.

• pri, prot, andpub: these variables associate each class nameC ∈ cnameto its
private attributespri(C), protected attributesprot(C), and public attributespub(C),
respectively:

pri(C)
def
= {〈a : T, d〉 | T a = d is a private attribute ofC}

prot(C)
def
= {〈a : T, d〉 | T a = d is a protected attribute ofC}

pub(C)
def
= {〈a : T, d〉 | T a = d is a public attribute ofC}

We define the following functions over attributes:
(1) The functionattr is the union ofpri, prot andpub; for eachC, attr(C) is the set

of attributes declared inC itself.
(2) The functionAttr extendsattr(C) for eachC to include all the attributes thatC

inherited from its super classes.
(3) ATTR(Cdecls) denotes the set of{C.a | C ∈ cname∧ a ∈ Attr(C)}
(4) init(C.a) denotes the initial value of attributea of C.
(5) dtype(C.a) denotes thedeclared typeT if 〈a : T, d〉 ∈ Attr(C).
(6) ATTR(C) is the set of all attributes that are associated to classC: it is the smallest

set such that
(a) Attr(C) ⊆ ATTR(C)
(b) Attr(dtype(N.a)) ⊆ ATTR(C) if N.a ∈ ATTR(C) anddtype(N.a) is a class in

cname.
• op: associates each classC ∈ cnameto its set of methods(op)(C)

op(C)
def
= {m 7→ (x : T1; y : T2; z : T3, c) |

m(x : T1; y : T2; z : T3){c} is declared as method ofC}

The set of the above structural variables is denoted byΩCdecls. A class declaration
is a command that modifies these structural variables. However, the values of these
variables remain unchanged during execution of the main method.

Attribute expression The seteATTR(C) of attribute expressionsof classC is de-
fined inductively below:

(1) ε ∈ eATTR(C),
(2) C.a ∈ eATTR(C) for each attributea of C,
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(3) if C.a ∈ eATTR(C) and dtype(C.a) ∈ cname, then dtype(C.a).b ∈ eATTR(C) for
anyb ∈ Attr(dtype(C.a)).

(4) if ei ∈ eATTR(C) for i = 1, . . . , n, dtype(ei) are built-in primitive types and ex-
pressionf(x1 : dtype(e1), . . . , xn : dtype(en)) is well-defined on these primitive
types, thenf(e1, . . . , en) ∈ eATTR(C).

Value and object We assume a setT of built-in primitive types. We also assume
an infinite setREF of object identities(or references), with null ∈ REF. A value
is either a member of a primitive type inT or an object identity inREF with its
dynamic typing information. Let VAL be the set the set of values

VAL
def
=

⋃
T ∪ (REF× CNAME)

For a valuev = 〈r, C〉 ∈ REF× CNAME, we useref(v) to denoter and type(v) to
denoteC.

Definition 3 An objecto is either the special objectnull, or a structure〈r, C, σ〉,
where

• referencer, denoted byref(o), is in REF,
• C, denoted bytype(o), is a class name.
• σ is called thestateof o, denoted bystate(o), and it is a mapping that assigns each

a ∈ Attr(C) to a value indtype(a) if dtype(a) ∈ T and otherwise to thenull object
or a value inREF× CNAME. We useo.a to denoteσ(a).

♣

We extendequalityto a relation over both values and objects

(v1 = v2)
def
=




(type(v1) = type(v2)∧
(type(v1) ∈ T ∧ (v1 = v2))∨
∀a ∈ Attr(type(v1)) · (v1.a = v2.a)




This equality ignores object references, but relating underlying primitive attributes.

Some notations Let O be the set of all objects, includingnull. The following
notations are employed.

• For setsSandS1, S1 m S is the set difference removing elements inS1 from S. Let
m have higher associativity1 than the normal set operators like∪ and∩.

1 This is the purpose of using this “strange” notation for set difference.
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• For a mappingf : D −→ E, d ∈ D andr ∈ E,

f ⊕ {d 7→ r} def
= f ′ wheref ′(b)

def
= { r, if b = d;

f(b), if b ∈ {d}m D.

• For an objecto = 〈r, M, σ〉, an attributea of M and a valued,

o⊕ {a 7→ d} def
= 〈r, M, σ ⊕ {a 7→ d}〉

• For a setS⊆ O of objects,

S] {〈r, M, σ〉} def
= {o | ref(o) = r}m S∪ {〈r, M, σ〉}

ref(S)
def
= {r | r = ref(o), o ∈ S}

For a given class declaration sectionCdecls, ΣCdecls, called theobject spaceof
Cdecls, denotes the set of all objects declared inCdecls. The pair(ΩCdecls, ΣCdecls)
is called aprogram contextand denote it byΞCdecls. When there is no confusion,
we omit the subscriptCdecls. All dynamic semantic definitions are given under a
fixed class declaration section. Therefore the evaluationvalue(e) of an expression
e is carried out in the contextΞ and the semantics[[c]]Ξ defines the state change
produced by execution ofc in the contextΞ.

4.2 Static semantics

We treat each class declaration as a command and its semantics is defined as a
design. A class declaration changes the values of the structural variablespricname,
pubcname, cname, superclass, pri, prot, pubandop. We first define the well-definedness
of a class declaration.

Definition 4 A class declarationcdecl is well-definedif the following conditions
hold.

(1) M has not been declared before:M 6∈ cname.
(2) N andM are distinct:N 6= M.
(3) The attribute names in the class are distinct.
(4) The method names in the class are distinct.
(5) The parameters of every method are distinct.

We useD(cdecl) to denote the conjunction of the above conditions for the class
declaration ofcdecl.

♣
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A well-defined private class declaration forM with a superclassN will modify the
structural variables:

[[cdecl]]
def
= {pricname, pubcname, superclass, pri, prot, pub, op} : D(cdecl) `

 modifyPriCname∧modifyPubCname∧modifySuper

∧ modifyPri∧modifyProt∧modidyPub∧modifyOp




where

modifyPriCname
def
= pricname′ = pricname∪ {M}

modifyPubCname
def
= pubcname′ = pubcname

modifySuper
def
= superclass′ = superclass⊕ {M 7→ N}

modifyPri
def
= pri′ = pri⊕
{M 7→ {〈a11 : T11, d11〉, · · · , 〈a1m1 : T1m1 , d1m1〉}}

modifyProt
def
= prot′ = prot⊕
{M 7→ {〈a21 : T21, d21〉, · · · , 〈a2m2 : T2m2 , d2m2〉}}

modifyPub
def
= pub′ = pub⊕
{M 7→ {〈a31 : T31, d31〉, · · · , 〈a3m3 : T3m3 , d3m3〉}}

modifyOp
def
= op′ = op⊕
{M 7→ {m1 7→ (〈x1 : T11; y1

: T12; z1 : T13〉, c1), · · · ,
m` 7→ (〈x` : T`1; y`

: T`2; z` : T`3〉, c`)}}

We can similarly define a class declaration for the cases when the classM is de-
clared as a public class and when it is not declared as a subclass of another.

Definition 5 Let Cdecls≡ (cdecl1; . . . ; cdecln) be a class declaration section. Itsse-
manticsis defined by the sequential composition of the designs of the individual
class declarations starting with all structural variables initialised to the empty set

[[Cdecls]]
def
= Empty; [[cdecl1]]; . . . ; [[cdecln]]

where

Empty
def
= true`


 pricname′ = ∅ ∧ pubcname′ = ∅ ∧ superclass′ = ∅
∧ pri′ = ∅ ∧ prot′ = ∅ ∧ pub′ = emptyset ∧ op′ = ∅




♣
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 (
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*
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Fig. 2. A bank system

Definition 6 A class declaration sectionCdeclsis well-defined, denotedD(Cdecls),
if the following conditions hold

(1) each class nameM ∈ cnameand the name of its direct superclassN are distinct,
(2) if M ∈ cnameandsuperclass(M) = N, thenN ∈ cname,
(3) any type used in declarations of attributes and parameters is either a built-in

primitive type or a class incname,
(4) the superclass relationÂ is acyclic,
(5) any attribute of a class is not redeclared in its subclasses, i.e. we do not allow

attribute hiding in a subclass,
(6) the names of the attributes of each class are distinct,
(7) the names of the methods of each class and the names of parameters of each

method are distinct, respectively.
♣

A well-definedrCOSdeclaration section corresponds to a UML [9] class diagram.
For related work on formal support to UML-based development, we refer to our
work in [40, 41, 58].

Example 1 Consider a bank system illustrated by the UML class diagram in Fig. 2.
Accounthas two subclasses: a current accountCA and a savings accountSA.

The declaration of public classBankhas three attributes:nameandaddressare of
primitive types, sayString, and associationacwhich is of the power typePAccount
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of class typeAccount. A specification of class declaration forBankis given below.

class Bank{
private : String name, address;

private : PAccount ac = ∅;
method : withDraw(Int aID, Int amount){

∃a ∈ ac · a.aNo= aID `
∨

a∈ac∧a.aNo=aId

(a.balance′ = a.balance− amount)

};
getBalance(Int aID; Int res){
∃ac · a.aNo= aID `

∨

a∈ac∧a.aNo=aId

(res′ = a.balance)

}
openAcc(Int amount){
var Account a = null;

∃n,∀b ∈ ac · n 6= b.aNo∧




Account.new(a);

a.aNo := n;

a.balance:= amount




}
}

Note designs can appear in the body of a method. We need to make a few remarks
about the above specification

(1) At the level of specification of the methods, we assume the attributes of class
Accountare all public and can be directly referred in the specification of the
methods of callBank.

(2) In a later design stage, the specification of the these methods are refined into
statement in which invocation of methods ofAccountare allowed, and after
such refinements, the attributes ofAccountcan be encapsulated and become
protected.

(3) To refine the specification of methodopenAcc, we need to add a method, say
named byopenAc, that implments the code in the big brackets.
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The declaration of classAccount, denoted bydeclAccount, is written as follows.

private class Account{
protected : Int aNo = 0, Int balance= 0;

method : getBalance(∅; Int b; ∅){b := balance};
withDraw(Int x; ∅; ∅){balance≥ x ` balance′ = balance− x}

}

The declarationdeclCAof CA is given as

private class CAextends Account{
method : withDraw(Int x; ∅; ∅){balance:= balance− x}
}

We can write the declarations ofSA(in which methodwithDraw is inherited from
Account) andBank(which has a set of accounts associated with it) in a similar way.

It is easy to see that bothdeclAccountanddeclCAare well-formed. The semantics
of declAccountis defined by the following design, where unchanged variables are
omitted.

[[declAccount]] = true`


pricname′ = {Account} ∪ pricname

∧ prot′ = prot⊕ {Account7→ {〈aNo : Int, 0〉, 〈balance: Int, 0〉}}
∧ op′ = op⊕ {Account7→ {getBalance7→ (〈∅; b : Int; ∅〉, b := balance),

withDraw 7→ (〈x : Int; ∅; ∅〉,
balance≥ x ` balance′ = balance− x)}}




The semantics ofdeclCAis the following.

[[declCA]] = true`




pricname′ = {CA} ∪ pricname

∧ op′ = op⊕ {CA 7→ {withDraw 7→
(〈x : Int; ∅; ∅〉, balance:= balance− x)}}




The semantics ofdeclSAanddeclBankfor classesSAandBankcan be defined in
the same way, but withBankdeclared as public class. Their composition

[[declAccount; declCA; declSA; declBank]]
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combines the class names, attributes and methods together. The composition is
well-defined.

♣

4.3 Dynamic variables

Now consider the variables that can be changed during program execution.

System configuration First, we introduce a variableΠ whose value is the set of
objects created so far. We callΠ thecurrent configuration[46]. During the execu-
tion of the program,Π takes a value in the powerset2Σ that satisfies the following
conditions:

(1) objects inΠ are complete: if o ∈ Π anda ∈ Attr(type(o)) with a class type, then
o.a is eithernull or there is an objecto1 ∈ Π andref(o.a) = ref(o1), and

(2) objects are uniquely identified by their references:for any objectso1 ando2

in Π if ref(o1) = ref(o2) then
(a) type(o1) = type(o2), and
(b) ref(state(o1)) = ref(state(o2)), where for eacha : T ∈ Attr(type(o))

ref(state(o))(a)
def
=





ref(o.a) if T ∈ cname

o.a if T ∈ T

When a new object is created or the value of an attribute of an existing object is
modified, the system configurationΠ will be changed. For each classC, we use
variableΠ(C) to denote the set of existing objects of classC.

External variables A set extvar= {x1 : T1, . . . , xk : Tk} of variables with their
types are declared in the main method of the program, where each typeTi is called
the declared typeof xi, denoted asdtype(xi). A declared type is either a built-in
primitive type or a public class inpubcname. Their values can be modified by meth-
ods and commands of the the main method containing them.

Local variables A setlocalvar identifies the local variables which are declared by
local variable declaration commands. This set includesself(whose value represents
the current active object), and parameters of methods. The setslocalvar andextvar
are disjoint.
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Method calls may be nested. Thus,selfand a parameter of a method may be declared
a number of times with possible different types before it is undeclared. A local
variablex has a sequence of declared types represented as(x : 〈T1, . . . , Tn〉). We
useTypeSeqto denote the sequence of types ofx, with T1 being the most recently
declared typedtype(xi).

We usex to denote the value of a local variablex. This value comprises a finite
sequence of values, whose first (head) element, which is simply denoted byx itself,
represents the current value of the variable. We use the conventions thatx : 〈T〉 and
x for x for an external variablex : T ∈ extvar.

Visibility We introduce a variablevisibleattrto hold the set of attributes which are
visible to the command under execution. The value ofvisibleattrdefines the current
execution environment. A method of an objecto setsvisibleattr to Attr(o) (the at-
tributes of the current type ofo) which including all the declared attributes of the
class, the protected and public attributes of its superclasses and all public attributes
of public classes; and the method resetsvisibleattr to the global environment (con-
sisting of all the public attributes of the public classes) when exit its execution. No-
tice that the value space ofvisibleattris the powerset of{C.a | C ∈ CNAME, a ∈ ANAME}.

We use

• var to denote the union ofextvarandlocalvar,
• VARis the set ofdynamic variablesconsisting of the variables invar plusΠ and

visibleattr,
• internalvar is the set of elements ofVARexcluding those ofextvar.

4.4 Dynamic states

Definition 7 For a programS= Cdecls•Main, a (dynamic) stateof S is a mapping
Γ from the variablesVARto their value spaces that satisfies the following conditions:

(1) If x ∈ VARanddtype(x) ∈ T thenΓ(x) is a value indtype(x),
(2) If x ∈ VARanddtype(x) ∈ cnamethenΓ(x) is

(a) eithernull, or
(b) a value inv ∈ REF× CNAMEsuch that there exists an objecto ∈ Γ(Π) for

which ref(o) = ref(v) andtype(o) ¹ type(v).
This attachment of an objecto to a variablex provides the informa-

tion about type casting:type(o) is thecurrent(base) type ofx, denoted as
atype(x), andtype(v) is thecast typeof x.

Two statesΓ1 andΓ2 are equal, denoted byΓ1 = Γ2, if
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(1) Γ1(x) = Γ2(x) for anyx ∈ VARsuch thatdtype(x) ∈ T ,
(2) for anyx ∈ VARanddtype(x) ∈ cname

(a) Γ1(x) = null if and only if Γ2(x) = null, and
(b) if oi ∈ Γi(Π) and ref(Γi(x)) = ref(oi), where1 ≤ i ≤ 2, theno1 = o2 and

type(Γ1(x)) = type(Γ2(x)).
♣

For stateΓ and a subsetV⊆ VAR, Γ(Π↓V) projectsΠ onto V and it is defined as
follows:

(1) if x : C ∈ V, C ∈ cname, o ∈ Γ(Π) andref(Γ(x)) = ref(o), o ∈ Γ(Π↓V)
(2) if o ∈ Γ(Π↓V) anda is an attribute oftype(o) with a class type,o1 ∈ Γ(Π) and

ref(o.a) = ref(o1), theno1 ∈ Γ(Π↓V)
(3) Γ(Π↓V) only contains objects constructed fromΓ(Π) and the values of the

external variables following the above two rules.

In particular, when we restrict a stateΓ to the external variablesextvarand projectΠ
onto these variables, we obtain anexternal statein which all objects in the system
configuration are attached to variables.

For a given state, each expressione, visible(e) is true if and only if one of the fol-
lowing conditions holds:

(1) e is a declared simple variable, i.e.e is x, wherex ∈ var, or
(2) e ≡ self.a and there is a class nameN ∈ cnamesuch thatNº atype(self) and

N.a ∈ visibleattr, or
(3) e is of the form e1.a and e1 is not self such thatvisible(e1), there exists a

Nº type(e1) andN.a ∈ visibleattr.

Condition (2) says that iftype(self) is C andatype(self) is D, then the attributes ofD
can be accessed in the method bodies of the methods ofD which are inherited or
overwritten from the casted classC. Condition (3) ensures an attribute of an object
other thanself can be directly accessed if and only if it is an attribute in the cast
type, i.e. the type of the expression itself.

4.5 Evaluation of expressions

The evaluation of an expressione under a given state determines its typetype(e) and
its value that is a member oftype(e) if this type is a built-in primitive type, otherwise
a value inREF× CNAME. The evaluation makes use of the system configuration.
Only well-defined expressions are evaluated. Well-definedness conditions can be
static and dynamic dynamic. The evaluation results of expressions are given in
Table of Fig.3.
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Expression Evaluation

null D(null)
def
= true, type(null)

def
= NULL, ref(null)

def
= null

x

D(x)
def
= visible(x) ∧ (dtype(x) ∈ T ∨ dtype(x) ∈ cname)

∧ dtype(x) ∈ T ⇒ head(x) ∈ dtype(x)

∧ dtype(x) ∈ cname⇒
ref(head(x)) ∈ ref(Π(dtype(x)))

type(x)
def
=





dtype(x) dtype(x) ∈ T
type(head(x)) otherwise

self

D(self)
def
= self∈ locvar∧ dtype(self) ∈ cname

∧ ref(head(self)) ∈ ref(Π(dtype(self)))

type(self)
def
= type(head(self))

le.a

D(le.a)
def
= D(le) ∧ le 6= null

∧ dtype(le) ∈ cname∧ visible(le.a)

type(le.a)
def
= type(state(le)(a))

ref(le.a)
def
= ref(state(le)(a))

(C)e

D((C)e)
def
= D(e) ∧ type(e) 6∈ T ∧ atype(e) ¹ C

type((C)e)
def
= C

ref((C)e)
def
= ref(e)

Fig. 3. Evaluation of Expressions.

4.6 Semantics of commands

An important aspect of an execution of an object-oriented program is the attach-
ment of objects to to program variables (or entities [42]). An attachment is made
by an assignment, the creation of an object or passing a parameter in a method
invocation. With the approach of UTP, these different cases are unified as an as-
signment of a value to a program variable. All other programming constructs are
defined in exactly the same way as their counter-parts in a procedural language. We
only define the object-oriented commands. The definition of other commands re-
mains the same as in an imperative language. The semantics[[c]] of each commandc
has its well-defined conditionD(c) as part of its precondition and thus has the form
of D(c) ⇒ (p ` R).
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Assignments An assignmentle := e is well-defined if bothle and e are well-
defined and the current type ofe matches the declared type ofle

D(le := e)
def
= D(le) ∧ D(e) ∧ type(e) ∈ cname⇒ type(e) ¹ dtype(le))

Notice that this definition requiresdynamic type matching. In fact the semantics
ensures that ifdtype(e) ¹ dtype(le) thentype(e) ¹ dtype(le). When the value ofe is
an objectD(le := e) ensures thatatype(e) ¹ dtype(le).

There are two cases of assignment. The first is to (re-)attach a value to a variable
(i.e. change the current value of the variable). This can be done when the type of
the object is consistent with the declared type of the variable. The attachment of
values to other variables are not changed.

[[x:=e]]
def
= {x} : D(x:=e) ` (x′ = 〈value(e)〉 · tail(x))

As we do not allow attribute hiding or redefinition in subclasses, an assignment to
a simple variable does not have side-effect. Thus the Hoare triple

{o2.a = 3} o1 := o2 {o1.a = 3}

is valid in our model, whereo1 : C1 ando2 : C2 are variables,C2 ¹ C1 anda : Int is
protected attribute ofC1. These assumptions make the theory simpler than alterna-
tive Hoare-logic based semantics, e.g. [46].

The second case is the modification of the value of an attribute of an object attached
to an expression. This is done by finding the attached object in the system configu-
rationΠ and modifying its state accordingly. All variables attached to the reference
of this object are updated:

[[le.a := e]]
def
= {Π(dtype(le))} : D(le.a:=e) `

 Π(dtype(le))′ = Π(dtype(le))]
{o⊕ {a 7→ value(e)} | o ∈ Π ∧ ref(o) = ref(le)}




For example, letx be a variable of typeC such thatC has an attributed of D andD
has an attributea of integer type.x.d.a := 4 changes the state ofx = 〈r1, C, {d 7→ r2}〉,
where referencer2 is the identity of〈r2, D, {a 7→ 3}〉 to the statex = 〈r1, C, {d 7→ r2}〉,
eherex is as before but the underlying referencer2 is modified and it is now the
identity of the object〈r2, D, {a 7→ 4}〉. This semantic definition also shows that an
assignment can have side effects.

Law 1 (le1 := e1; le2 := e2) = (le2 := e2; le1 := e1), provided le1 and le2 are dis-
tinct simple names which do not occur ine1 or e2.
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Note that the law might not be valid if eitherle1 le2 is composite expressions. For
instance, the following equation is not valid whenx andy have the same reference:

(x.a := 1; y.a := 2) = (y.a = 2; x.a = 1)

Object creation TheC.new(le) is well-defined if

D(C.new(le))
def
= C ∈ cname∧ D(le) ∧ dtype(le) º C

The command creates a new object, attaches the object tole and sets the initial
values of the attributes of classC to those of objectle.

[[C.new(le)]]
def
= {le, Π(C)}:

D(C.new(le)) ` ∃r 6∈ ref(Π)·(AddNew(C, r) ∧Modify(le))

where

AddNew(C, r)
def
= Π(C)′ = Π(C)

∪ {〈r, C, {ai 7→ init(C.ai)}〉 | ai ∈ Attr(C)}

Modify(le)
def
=


 le

′ = 〈r, C〉 · tail(le)∧
TypeSeq′(le) = 〈C〉 · tail(TypeSeq(le))




Here assume ifdtype(C.ai) = M, the assignmentai 7→ init(C.ai) isai 7→ M.new(C.ai).

For creation of objects, we have the following laws

Law 2 C1.new(x); C2.new(y) = C2.new(y); C1.new(x), providedx andy are distinct.

Law 3 If x is not free in the Boolean expressionb, then

C.new(x); (P ¢ b ¤ Q) = (C.new(x); P) ¢ b ¤ (C.new(x); Q)

Local variable declaration and undeclaration Commandvar T x = e declares
a variable and initialises it:

[[var T x = e]]
def
= {x} : D(var T x = e) `

(x′ = 〈value(e)〉 · x) ∧ TypeSeq′(x) = 〈T〉 · TypeSeq(x)
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where

D(var T x = e)
def
= (x ∈ localvar) ∧ D(e) ∧ type(e) 6∈ T ⇒ type(e) ¹ T

We define[[var T x]]
def
= ud∈T[[var T x = d]].

Commandend x terminates the block (i.e. the current scope) of variablex:

[[end x]]
def
= {x}:D(end x) ` x′ = tail(x) ∧ TypeSeq′(x) = tail(Tseq(x))

whereD(end x)
def
= x ∈ localvar. Please refer to [28] for the algebraic laws of dec-

laration and undeclarartion.

Method call For a method signaturem(T1 x; T2 y; T3 z), let ve, re andvre be lists
of expressions. Commandle.m(ve; re; vre) is well-defined ifle is well-defined and it
is a non-null object such that a methodm 7→ (T1 x; T2 y; T3 z, c) is in the casted type
type(le) of le:

D(le.m(ve; re; vre))
def
= D(le) ∧ type(le) ∈ cname∧ (le 6= null)

∧ N ∈ cname· Nº type(le)

∧ ∃(m 7→ (T1 x; T2 y; T3 z, c1)) ∈ op(N)

The execution of this method invocation assigns the values of the actual parameters
v andvr to the formal value and value-result parameters of the methodm of the
objecto that le refers to, and then executes the body ofm under the environment
of the class owning methodm(). Before termination, the value of the result and
value-result parameters ofm are passed back to the actual parametersr andvr.

[[le.m(ve; re; vre)]]
def
= (D(le.m(ve; re; vre)) ⇒

∃C ∈ cname· (atype(le) = C)

∧




[[var T1 x = ve, T2 y, T3 z = vre]];

[[var C self= le]];

[[Execute(C.m)]]; [[re, vre := y, z]];

[[end self, x, y, z]]




whereExecute(M.m) sets the execution environment, then executes the body and
finally resets the environment. This is formalised by consider the following cases:
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Case 1: If m(T1 x; T2 y; T3 z) is not declared inC but in a superclass ofC, i.e. there
exists a commandc such that(m 7→ (T1 x; T2 y; T3 z, c1)) ∈ op(N) for someNº C,
then

Execute(C.m)
def
= Execute(M.m)

whereM = superclass(C) is the direct superclass ofC.
Case 2: If m(T1 x; T2 y; T3 z) is declared in classC itself, i.e. there is a commandc

such that(m 7→ (T1 x; T2 y; T3 z, c1)) ∈ op(C), then

Execute(C.m)
def
= Set(C); SELFC(body(C.m)); Reset

where
• body(C.m) is the bodyc of the method being called.
• The designSet(C) determines those attributes visible to classM. Resetresets the

environment to the set of variables that are accessible by the main program:

Set(C)
def
= {visibleattr} : true`

visibleattr′ =




{C.a | a ∈ pri(C)}∪
⋃

C¹N{N.a | a ∈ prot(N) ∪ pub(N)}∪
⋃

N∈pubcname{N.a | a ∈ pub(N)}




Reset
def
= {visibleattr} : true`

visibleattr′ =
⋃

N∈pubcname{N.a | a ∈ pub(N)}

SetandResetare used to ensure data encapsulation is controlled byvisibleattr
and the well-definedness condition of an expression.

• The transformationSELFC on a command is defined in Fig. 4, which adds a
prefix self to each attribute and each method in the command. Notice that as
a method call may occur in a command that will change the execution en-
vironment, therefore after the execution of the nested call is completed the
environment needs to be set back to that ofC.

Notice that semantics of a method call defines a method binding mechanism to
ensure that

• only a method with a signature declared in the cast type or above the cast type in
the inheritance hierarchy can be accessed, and

• the method executed is the lowest one in the inheritance hierarchy of the current
type of the active object.

Example 2 We illustrate the semantics of method invocation. Consider the bank
system inExample 1again. We defineExecute(C.m) for the methodwithDraw() in
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c or e SELFC(c) or SELFC(e)

skip skip

chaos chaos

c1 ¢ b ¤ c2 SELFC(c1) / SELFM (b) . SELFM (c2)

c1 u c2 SELFM (c1) u SELFM (c2)

var T x = e T var x = SELFC(e)

end x end x

C.new(x) C.new(SELFC(x))

le := e SELFC(le) := SELFC(e)

le.m(ve; re; vre) SELFC(le).m(SELFC(vr); SELFC(re); SELFC(vre))

m(ve; re; vre) self.m(SELFC(ve); SELFC(re); SELFC(vre))

c1; c2 SELFC(c1); Set(C); SELFM (c2)

b ∗ c SELFC(b) ∗ (SELFM (c); Set(C))

le.a SELFC(le).a

f(e) f(SELFC(e))

null null

self self

x { self.x, x ∈ ⋃
C¹N Attr(N)

x, otherwise

Fig. 4. The Definition ofSELF.

the classesCA andSA. Assume all classes, except forBank, are private classes. For
classCA,

Execute(CA.withDraw) = Set(CA); SELFCA(balance:= balance− x); Reset

= visibleattr :=





CA.balance, CA.aNo,

Account.balance, Account.aNo



 ;

self.balance:= self.balance− x;

visibleattr := ∅

Let o be an object ofCA. The semantics of the method callo.withDraw(e) attaches
o to selfand then performsExecute(CA.withDraw) as defined above.
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For the case of a saving account

Execute(SA.withDraw)

= Set(SA); SELFSA(Account.withDraw); Reset

= visibleattr :=





SA.blance, SA.aNo,

Account.balance, Account.aNo



 ;

self.balance> x ` self.balance′ = self.balance− x;

visibleattr := ∅

Thus, the invocation to awithDraw method of a saving account is executed accord-
ing to the definition of the method in the superclassAccount.

♣

4.7 Semantics of a program

Having defined the semantics of a class declaration section and a command, we
combine them to define the semantics of an object program(Cdecls•Main).

Recall thatMain consists of a set of external variables and a commandc. For sim-
plicity, we assume that any primitive command inc is in one of the following forms:

(1) an assignmentx := e such thatx ∈ extvarande does not contain sub-expressions
of the form le.a. That is, we do not allow direct access to object attributes in
the main method.

(2) a creation of a new objectC.New(x) for a variablex ∈ extvar,
(3) a method callx.m(ve; re; vre), wherex is a variable inextvar.

Main is well-defined if the types of all variables inextvarare either built-in primitive
types or public classes declared inpubcname:

D(Main)
def
=

∧

x∈extvar
(dtype(x) ∈ pubcname∨ dtype(x) ∈ T )

The semantics ofMain is then defined to be

[[Main]]
def
= D(Main) ⇒ [[c]]

Before Main is executed, the local variables have to be initialised to empty se-

27



quences:

Init
def
= D(Cdecls) ` visibleattr′ = ∅ ∧ (Π′ = ∅)∧

∧

x∈var
(x′ =<> ∧TypeSeq′(x) =<>)

Definition 8 Thesemantics of an object programCdecls•Main is defined as:

[[Cdecls•Main]]
def
= ∃Ω,Ω′, internalvar, internalvar′ · ([[Cdecls]]; Init; [[Main]])

♣

Thisblack boxsemantics hides the internal information, including the objects states
of the external variables in the execution of a program, only observing the relation
between the pre-state and post-state of the external variables. We cannot observe
information about states of objects attached to these variables.

We define thewhite box semantics[[Cdecls•Main]]o as

∃{Π}m internalvar, {Π′}m internalvar′,Ω, Ω′·
([[Cdecls]]; Init; [[Main]]; [[Π′ := Π↓extvar]])

The white box semantics allows us to observe all information about the external
variables including the states of the objects that are attached to them. We can insert
the commandΠ′ := Π↓extvarat any point of the main method without changing the
white box and close box semantics of a program.

Lemma 1 The white box semantics has the following properties.

For any object programS= Cdecls•Main with main commandc, we have

(1) [[Cdecls• c]] = ∃Π, Π′ · [[Cdecls• c]]o.
(2) [[Cdecls• c1; c2]]o = [[Cdecls• c1; Π′ := Π↓extvar; c2]]o
(3) [[Cdecls• (c1; b ∗ (c2; c3); c4)]]o = [[Cdecls• c1; b ∗ (c2; Π′ := Π↓extvar; c3); c4]]o

(4)
[[Cdecls• (c1; (c2; c3) ¢ b ¤ c4; c5]]o =

[[Cdecls• c1; (c2; Π′ := Π↓extvar; c3) ¢ b ¤ c4); c5]]o
(5) [[Cdecls• (c1; (c2; c3) u c4]]o = [[Cdecls• c1; (c2; Π′ := Π↓extvar; c3) u c4]]o

5 Object-Oriented Refinement

We would like the refinement calculus to cover all stages of requirements analysis
and specification. This section presents the results of our exploration on two kinds
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of refinement:

(1) Refinement relation between object systems.
(2) Refinement relation between declaration sections (structural refinement).

5.1 Object system refinement

We define what we mean by a refinement between two object programs.

Definition 9 Let Si = Cdeclsi •Maini, i = 1, 2, be object programs which have the
same set of external variablesextvar. S1 is arefinementof S2, denoted byS1 wsysS2,
if the following implication holds:

∀extvar, extvar′, ok, ok′ · ([[S1]] ⇒ [[S2]])

♣

Example 3 For any class declarationCdecls, we have the following:

(1) S1 = Cdecls• ({x : C}, C.new(x)) andS2 = Cdecls• ({x : C}, C.new(x); C.new(x))
are equivalent.

(2) Assume classC ∈ pubcname, 〈a : Int, d〉 ∈ attr(C), get(∅; Int z; ∅){z := a} and
update(){a := a + c} in op(C), then

Cdecls• ({x : C, y : Int}, C.new(x);x.update();x.get(y))

and

Cdecls• ({x : C, y : Int}, C.new(x);x.update();x.get(y); C.new(x))

are equivalent.

Proof : We give a proof for item (2) of this example. We denote the first program
by S1 and the second byS2. Assume the declaration section is well-defined. It is
easy to check the main methods are both well-defined. The structural variablesΩ
are calculated according to the definition. Letd be the initial value of attributea of
C andσ0 denote the initial state of an object ofC when it is created. We calculate
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the semantics ofS1:

[[C.new(x);x.update(), x.get(y)]]

=


 true` ∃r ∈ REF· (Π′ = {〈r, C, σ0〉} ∧ x′ = 〈r, C〉);

[[x.update();x.get(y)]]




=




true` ∃r ∈ REF· (Π′ = {〈r, C, σ0〉} ∧ x′ = 〈r, C〉)∧
self′ =<> ∧Π′ = {〈r, C, σ0 ⊕ {a 7→ d + c}〉 | r = ref(x)});
[[x.get(y)]]




=




true` ∃r ∈ REF· (Π′ = {〈r, C, σ0 ⊕ {a 7→ d + c}〉}∧
x′ = 〈r, C〉) ∧ self′ =< >);

[[x.get(y)]]




=




true` ∃r ∈ REF· (Π′ = {〈r, C, σ0 ⊕ {a 7→ d + c}〉}∧
x′ = 〈r, C〉) ∧ self′ =< >);

true` self′ =<> ∧z′ =<> ∧y′ = d + c∧
visibleattr′ = {M.a | M ∈ pubname∧ a ∈ pub(M)}




=




true` ∃r ∈ REF· (Π′ = {〈r, C, σ0 ⊕ {a 7→ d + c}〉}∧
x′ = 〈r, C〉) ∧ self′ =< > ∧z′ =< > ∧y′ = c + d∧
visibleattr′ = {M.a | M ∈ pubname∧ a ∈ pub(M)}




The semantics[[S1]] hidesΩ, Π, selfandz by existential quantification. Let[[Cdecls]]
be true` Ω = ∅ ∧ Ω′ = Ω0, we have[[S1]] equals to

∃




Ω,Ω′, self, self′, z, z′,

visibleattr, visibleattr′



 · ([[Cdecls]]; Init; [[C.new(x);x.update(), x.get(y))]])

= true` ∃r ∈ REF· x′ = 〈r, C〉 ∧ y′ = c + d

The main method ofS2 is the main method ofS1 followed by commandC.new(x)
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and thus its semantics equals

[[C.new(x);x.update(), x.get(y)]]; [[C.new(x)]]

=




true` ∃r ∈ REF· (Π′ = {〈r, C, σ0 ⊕ {a 7→ d + c}〉∧
x′ = 〈r, C〉) ∧ self′ =< > ∧z′ =< > ∧y′ = c + d∧
visibleattr′ = {M.a | M ∈ pubname∧ a ∈ pub(M)};

true` ∃p 6∈ ref(Π) ·Π′ = Π ∪ {〈p, C, σ0〉} ∧ (x′ = 〈p, C〉)




=




true` ∃r, p ∈ REF· ((p 6= r)∧
Π′ = {〈p, C, σ0〉, 〈r, C, σ0 ⊕ {a 7→ d + c}〉}∧
x′ = 〈p, C〉) ∧ self′ =< > ∧z′ =< > ∧y′ = c + d∧
visibleattr′ = {M.a | M ∈ pubname∧ a ∈ pub(M)}




After hiding the internal variables,[[S2]] is simplified to

true` ∃p ∈ REF· x′ = (p, C) ∧ y′ = c + d

Thus,S1 andS2 refine each other. However, programS1; x.get(y) is not equivalent
to S2; x.get(y). The final value ofy for the first program remains will be stilld + c.
For the second program, the final value ofy is d. On the other hand, if we take the
white box semantics,S1 andS2 would not be equivalent in the first place.

♣

This example shows that program refinement is non-compositional. Given two
main methods,Maini = (extvar, ci), i = 1, 2,

Cdecls1 •Main1 wsys Cdecls2 •Main2

then it does not necessarily follow that

Cdecls• (extvar, c1; c) wsys Cdecls• (extvar, c2; c)

Non-compositionality is caused by the global internal variableΠ being hidden in
the semantics. However, if we define the refinement relation by the white box se-
mantics, the above non-compositionality would hold disappear ifs only refers to
calls to methods of objects attached to the external variables. Therefore, refinement
according to the white box is a sub-relation of the refinement according to the black
box semantics and it is more compositional.

Theorem 2 Let Cdecls•Main, C be a public class declared inCdeclsand Cdecls1
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be obtained fromCdeclsby changingC to a private class. Then ifC is not referred
in Main,

Cdecls•Main =sysCdecls1 •Main

where=sysis the equivalence relationwsys∩ vsys.

The relationwsysis reflexive and transitive.

5.2 Structure refinement

The proof inExample 3 shows that the local variables andvisibleattr of a pro-
gram are constants after each method invocation. When the main methods in the
programs are syntactically identical, the relation between their system states is de-
termined by the relation between the structure of these programs, i.e. their class
names, attributes, sub-superclass relations, and methods in the classes.

An object-oriented program design is mainly about designing classes and their
methods. A class declaration section can in fact support many different applica-
tion main programs. The rest of this section focuses onstructural refinement.

Definition 10 Let Cdecls1 andCdecls2 be two declaration sections.Cdecls1 is a re-
finementof Cdecls2, denoted byCdecls1 wclasscdecls2, if the former can replace the
later in any object system:

Cdecls1 wclass Cdecls2
def
= ∀Main · (Cdecls1 •MainwsysCdecls2 •Main)

♣

Informally, Cdecls1 supports at least as many services asCdecls2. It is obvious that
wclassis reflexive and transitive. We use=classto denote the equivalence relation
wclass ∩ vclass. When there is no confusion, we omit the subscript.

A structural refinement does not change the main method. Every public class in
Cdecls2 has to be declared in the refined declaration sectionCdecls1, and every
method signature in a public class ofCdecls2 has to be declared inCdecls1. Recall
that a main method only changes objects by method invocations to public classes.

When considering a refinement betweenCdeclsi , i = 1, 2, we useΩi, Πi, cnamei, etc.
to denote the structural variables and configuration ofCdeclsi and[[E ]]i to denote the
semantic definition ofE under the declarationCdeclsi. The notation of structural
refinement is actually an extension to the notion of data refinement [28].

32



Definition 11 For i = 1, 2, let Cdeclsi be two class declaration sections. Astruc-
tural transformationfrom Cdecls1 to Cdecls2, is a relation between the object space
Σ1 of Cdecls1 and the object spaceΣ2 of Cdecls2 that can be represented as a design
true` ρ(Ω1, Ω′2) such that the following conditions hold:

(1) Cdecls1 declares at least those public classes declared inCdecls2. That isρ

implies

true` pubcname′2 ⊆ pubcname1

(2) For each public classC declared in bothCdecls1 andCdecls2, Cdecls1 offers at
least those methods offered byC thanCdecls2. That is for everyC ∈ pubcname′

Sig(op′2(C)) ⊆ Sig(op1(C))

whereSigreturns the set of method signatures of a set of method declarations.
(3) The restriction ofρ on the attributesρ(ATTR1(C), ATTR′2(C)) for each public

classC in both declaration sections can be described in terms of attribute ex-
pressions overATTR1(C) in Cdecls1 andATTR′2(C) in Cdecls2 that
(a) the attributes’ initial valuesρ(init(ATTR1(C))andinit(ATTR2(C))) are pre-

served
(b) the operations on attribute expressions are preserved: ifρ(γi, βi) hold for

all i = 1, . . . , n, thenρ(γ1 · γ2, β1 · β2) andρ(f(γ1, . . . , γn), f(β1, . . . , βn))
hold.

♣

A structural transformation corresponds to a consistent transformation between the
corresponding UML class diagrams [37].

Example 4 Fig. 5 provides two class declaration sections,Cdecls1 on the left and
Cdecls2 on the right. Fig. 6 shows the class diagrams of the two declaration sections.

In the “abstract” versionCdecls2 contains two classes,C andC1. C1 has two integer
attributesa andb, and two methods:geta() which returns the value of attributea
andupdatea() which increments attributesa with the input value parameter. Corre-
spondingly, classC has an attributeo linked toC1, and a methodgeta() which calls
o’s methodgeta() and a methodupdatea() which simply calls the updating method
of o.

Class declaration sectionCdecls2 implementsC1 using four classes in which

• C2 acts as an interface toC asC1 without storing or manipulating attributes. Each
of C3, C4 andC5 stores and manipulates an attribute.

• The attributeC1.a is implemented by the sum ofC3.a3 andC4.a4

• The attributeC1.b is implemented byC5.a5

• Thegeta() method in inC2 is implemented by getting each of the two attributes
in C3 andC4 and then adding them together.
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Cdecls1 Cdecls2

class C {
private C2 o;

method geta(∅; Int x; ∅){o.geta(∅; x; ∅)};
updatea(Int x; ∅; ∅){
o.updatea(x; ∅; ∅)}

};
private class C2 {
private C3 o3, C4 o4, C5 o5;

method geta(∅; Int x; ∅){
var Int y; o3.get(∅; y; ∅);
o4.get(∅; x; ∅);x := x + y; end y};
updatea(Int x; ∅; ∅){

o3.update(x; ∅; ∅) u o4.update(x; ∅; ∅)}
};
private class Ci {/ ∗ ∗i = 3, 4, 5

private Int ai = 0;

method get(∅; Int x; ∅){x := ai};
update(Int x; ∅; ∅){ai := ai + x}

}

class C {
private C1 o;

method geta(∅; Int x; ∅){
o.geta(∅; x; ∅)};
updatea(Int x; ∅; ∅){
o.updatea(x; ∅; ∅)}

};
private class C1 {
private Int a = 0, Int b = 0;

method geta(∅; Int x; ∅){
x := a};
updatea(Int x; ∅; ∅){
a := a + x}

}

Fig. 5. Example 4

• The updatea() in C2 is implemented by nondeterministically updating and at-
tribute of ofC3 andC4.

We define a structural transformationρ1 from Cdecls1 to Cdecls2 as

true`




C.o′ = C.o

∧ C1.a
′ = C2.o3.a3 + C2.o4.a4

∧ C1.b
′ = C2.o5.a5




Note that the primed attributes ofC andC1 are about attributes inCdecls2.

♣
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Fig. 6. Example 4

Consider a structural transformationρ from Cdecls1 to Cdecls2. Let C be a public
class in both declaration sections,o1 : C an object ofCdecls1 ando2 : C an object of
Cdecls2. We sayρ(o1, o2) holds if ρ(ATTR1(C)[o1/C], ATTR′2(C)[o2/C]) holds, where
ATTRi(C)[oi/C] is obtained fromATTRi(C) by replacing

(1) C.a with oi.a for each attributea of C
(2) D.b with oi.a1. . . . ak.b if there existsa1, . . . , ak, b such thatC.a1. . . . ak.b is an

attribute expression overATTRi(C) andD is the type ofak.

We say thatρ is amany-to-onetransformation if for each objecto1 : C underCdecls1
there is only oneo1 : C underCdecls2 such thatρ(o1, o2).

Theorem 3 (Upwards Simulation Implies Refinement) Cdecls1 is a refinement
of Cdecls2 if there is a many-to-one structural transformationtrue` ρ(Ω1, Ω′2) such
that for any public class name declared in bothCdecls1 andCdecls2, any variable
x : C and any methodm(x : T 1; y : T 2; z : T 3){c1} in a public classC of Cdecls1 and
its corresponding methodm(x : T 1; y : T 2; z : T 3){c2} in Cdecls2,

([[x.m(ve; re; vre)]]1; [[Π1 := Π1↓{x,re,rve}]]; ρ(Π1,Π′2))

w (ρ(Π1,Π′2); [[x.m(ve; re; vre)]]2; [[Π2 := Π2↓{x,re,rve}]])
(1)

whereρ(Π1, Π′2) holds iff for each variabley ando1 ∈ Π1 such thatref(o1) = ref(y)
there is exactly oneo2 ∈ Π′2 andρ(o1, o2).

Proof: Let V be a set of variables andMain = (V, c) be the main method for both
Si = Cdeclsi •Main, i = 1, 2. From the general theory in UTP [28], we only need to
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prove there exists a many-to-one mappingρ̂ from the state space of{Π1, visibleattr1}
to that of{Π2, visibleattr2} such that

[[Init]]1; [[c]]1; [[Π1 := Π1↓V]]; ρ̂ w ρ̂; [[Init]]2; [[c]]2; [[Π2 := Π2↓V]] (2)

For this, we define

ρ̂(Π1,Π′2)
def
= ρ(Π1, Π′2)

ρ̂(visibleattr1, visibleattr′2)
def
= visibleattr′2 = {C.a | C ∈ pubcname2 ∧ a ∈ pub(C)}

Because of the syntactic definition of the main method of a program, ifc is a well-
defined primitive command, it can only be one of the following two cases:

(1) It is a command that only involves variables of built-in primitive types. In this
case, the theorem obviously holds.

(2) It is an object creationC.new(x) for somex ∈ V and public classC.

In the case whenc is an object creation,C.new(x) does not changevisibleattr. We
also notice both[[Init]]i setΠi to be empty. So after the initialisation,ρ(Π1, Π2) holds.
We thus have fori = 1, 2

[[C.new(x)]]i; [[Πi := Πi↓V]]

= true`

 ∃r 6∈ ref(Πi) · (Π′i = ∅ ∪ {〈r, C, initi(C)〉}∧

(x′ = 〈r, C〉)); [[Πi := Πi↓V]]




= true` ∃r 6∈ ref(Πi) · (Π′i = Πi↓{x}mV ∪ {〈r, C, init1(C)〉}) ∧ (x′ = 〈r, C〉)
= true` ∃r ∈ REF· ((Π′i = {〈r, C, initi(C)〉}) ∧ (x′ = 〈r, C〉))

So we have

([[C.new(x)]]1; [[Π1 := Π1↓V]]; ρ(Π1, Π′2)) ⇒ ([[C.new(x)]]2; [[Π2 := Π2↓V]])

Assume that Refinement (2) holds for commandc, we need to prove it holds for
commandc; c1. As the mapping onvisibleattr is constant, we can ignore it in the
proof. Furthermore, from Lemma 1, we can equivalently takec to bec; Π′ := Π↓V.
Let [[c]]i = pi ` Ri(V∪ {Πi}, V′ ∪ {Π′i}) for i = 1, 2. The proof heavily use the defini-
tion of sequential composition of designs

(p1(α) ` R1(α, α′); p2(α) ` R2(α, α′))
def
= ∃sm · (p1(α) ` R1(α, sm) ∧ p2(sm) ` R2(sm, α′))
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Case 1: If c1 only involves external variables of built-in primitive types, the refine-
ment obviously holds as it does not change the system configuration.

Case 2: Commandc is an object creationC.new(x). We have

[[c; C.new(x)]]i; [[Πi := Πi↓V]]

= [[c]]i; true`

 ∃r 6∈ ref(Πi) · ((Π′i = Πi ∪ {〈r, C, initi(C)〉})∧

(x′ = 〈r, C〉)); [[Πi := Πi↓V]]




= ∃Vm, Πmi
i · (pi `




Ri(V∪ {Πi}, Vm ∪ {Πmi
i })∧

∃r 6∈ ref(Πmi
i ) · ((x′ = 〈r, C〉)∧

(Π′i = Πmi
i ↓{x}mV ∪ {〈r, C, initi(C)〉}))


)

The induction assumption implies that for anyV,Π1, Π2, Πm1
1 , Πm2

2 ,

p1 ` R1(V∪ {Π1}, Vm ∪ {Πm1
1 }) ∧ ρ(Πm1

1 ,Πm2
2 )

⇒ p2 ` R2(V∪ {Π2}, Vm ∪ {Πm2
2 })

(3)

Also the structural transformation ensures thatρ(Πm1
1 , Πm2

2 ) implies

ρ(Πm1
1 ↓{x}mV ∪ {obj01(C)}, Πm2

2 ↓{x}mV ∪ {obj02(C)})

whereobj0i (C) is the object ofC with its initials state defined inCdeclsi for i = 1, 2.
This proves the refinement for this case.

Case 3: c1 is x.m(ve; re; vre). For i = 1, 2, let

[[x.m(ve; re; vre)]]i
def
= pi

1 ` Ri
1(V∪ {Πi}, V′ ∪ {Π′i})

By the definition of composition,[[c; x.m(ve; re; vre)]]i equals

∃Vm,Πmi
i ·


 pi ` R(V∪ {Πi}, Vm ∪ {Πmi

i })∧
pi
1(Vm ∪Πmi

i ) ` Ri
1(Vm ∪Πmi

i , V′ ∪ {Π′i})


 (4)

Notice that the method classx.m(ve; re; vre) only changes the object attached tox

and those variables whose reference values are the same ofx, and it may modify
the objects attached tore andvre if they their types are classes.

The structural transformation ensures that ifρ(Πm1
1 ,Πm2

2 ) andρ(Πn1
1 ↓V1

, Πn2
2 ↓V1

)
for a subsetV1 of V, we then have

ρ(Πm1
1 ⊕Πn1

1 ↓V1
, Πm2

2 ⊕Πn2
2 ↓V1

) (5)

where⊕ replace the objects inΠmi
i that are attached to the variables inV1 with

those inΠni
i .
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From formula 4

[[c;x.m(ve; re; vre); Π1 := Π1↓V]]1; ρ(Π1, Π′2)

= ∃Vm, Πm1
1 ,Πm

1 ·




p1 ` R(V∪ {Π1}, Vm ∪ {Πm1
1 })∧

p1
1(Vm ∪Πm1

1 ) ` R1
1(Vm ∪Πm1

1 , V′ ∪ {Πm
1 })∧

ρ(Πm
1 , Π′2)




Notice thatΠm
1 = Πm1

1 ⊕Πm
1 ↓{x,re,vre}. Property 5 of structural transformation

together with Condition 1 and the induction assumption 3 proves the refinement
for this case.

Case 4: If c1 is a command only involved in variables of built-in primitive types,
the refinement obviously holds.

Case 5: If c1 is an assignmentx := y of one object variable to another, the exe-
cution of Πi := Π↓V after the execution ofc1 only removes fromΠi the object
originally attached toy.

Case 6: If c1 is x := (C)y, it changesΠi in the same way as inCase 4, but assign
the value〈ref(y), C〉 to x in both programs.

Case 7: Let c1 be a conditional choicec11 ¢ b ¤ c12 andb an expression of vari-
ables of built-in primitive types (and constants).b is evaluated totrue after the
execution ofc in S1 if and only if it is evaluated totrue after the execution ofc in
programS2 because of the induction assumption. This case can then be proven
for eachc11 andc12 separately.

Case 8: If c1 is a loopb ∗ c11, the refinement can then be proven by the induction
and the properties of the weakest fixed point.

♣

Theorem 4 (Downwards Simulation Implies Refinement) Cdecls1 is a refine-
ment ofCdecls2 if there is a one-to-many structural transformationtrue` ρ(Ω2,Ω′1)
such that for any public class name declared in bothCdecls1 andCdecls2, any vari-
ablex : C and any methodm(x : T 1; y : T 2; z : T 3){c1} in a public classC of Cdecls1
and its corresponding methodm(x : T 1; y : T 2; z : T 3){c2} in Cdecls2,

(ρ(Π2,Π′1); [[x.m(ve; re; vre)]]1; [[Π1 := Π1↓{x,re,rve}]])

w ([[x.m(ve; re; vre)]]2; [[Π2 := Π2↓{x,re,rve}]]; ρ(Π2,Π′1))
(6)

Example 5 For the class declaration sections inExample 4, we can also define a
structural transformationρ2 from Cdecls2 to Cdecls1:

true`

 C.o = C.o′ ∧ C1.b = C2.o5.a

′
5

∧ C1.a = C2.o3.a
′
3 + C2.o4.a

′
4




It is a one-to-many transformation. With this transformation, we can check ifCdecls2
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is also a refinement ofCdecls1.

♣

In the same way that we proveTheorem3 we can prove the following theorem.

Theorem 5 Let Cdecls1 w Cdecls2 and Cdeclsbe a class declaration such that if
a : C ∈ Attr(M) for someM in CdeclsandC in Cdecls1 thenC is a public class. We
have

Cldecls1; Cdeclv Cdecls2; Cdecls

The proof is similar to Theorem 3.

Remarks: A structural refinement corresponds to a consistent transformation be-
tween the corresponding UML class diagrams, sequence diagrams and state dia-
grams [37]. A (upwards) structural refinement of a program underρ is shown in
Fig. 7.

Theorems3&4 do not appear very helpful as refinement does not directly mention
refinement of private classes. However, the theorems allow us to take a methodm

in a public classC as a “main method”. This method may call methods of classes
that are directly linked toC. Treating these classes as “‘public classes” with respect
to C and these classes together with their associated classes as a declaration section,
the refinement Conditions 1&6 can be established for this sub-declaration section.

In general, finding and formulating a refinement mappingρ is design step. It is
easier to develop a system in a stepwise process in which each step is modest. This
approach leads itself to establishing correctness in an incremental manner.

This framework suggests that a development process should first focus on struc-
tural refinement and then carries out further refinement of methods of classes and
the main method of the program under a fixed class declaration, without the hid-
ing the internal states. This can be done entirely within the classical theories of
programming provided in UTP [28].
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6 Refinement rules

We have given some refinement laws for refining commands in Section 4.6. Those
laws are about command refinement under the same class declaration sections.
They can all be proven in the classical theory of programming [28].

We now present refinement rules for program structures that capture the nature of
incrementaldevelopment in object-oriented programming. Most of the laws are in-
tuitively understandable. Their proof are involves finding structural transformations
and then usingTheorems3&4 (refinement by upwards or downwards simulations).
The structural transformations are quite obvious for the laws presented and we omit
most of the proofs.

We first introduce some notations. We useN[supclass, pri, prot, pub, op] to denote a
well-formed class declaration that declares the classN that hassupclassas its direct
superclass;pri, prot andpub as its sets of private, protected and public attributes;
andop as its set of methods.supclassis always of either a class nameM, whenM
is the direct superclass ofN, or ∅ whenN has no superclass. We may only refer to
some, or even none ofM, pri, prot, pub, op when we talk about a class declaration.
For example,N denotes a class declaration forN, andN[pri] a class declaration that
declares the classN that haspri as its private attributes.

Law 4 The order of the class declarations in a declaration section is not essential:

N1; . . . ; Nn = Ni1 ; . . . ; Nin

whereNi is a class declaration andi1, . . . , in is a permutation of{1, . . . , n}.

A law like this may look utterly trivial after we formalise the structural variablesΩ,
but it is not so obvious that a semantic definition of a class declaration to guarantee
this law. For example, if the pre-condition of the class declaration requires that the
direct superclass be declared before this class declaration, this law would not hold.

The next law says that more services may become available after adding a class
definition.

Law 5 If a class nameN is not inCdecls, butM is in Cdecls

Cdeclsv N[M, pri, prot, pub, op]; Cdecls

provided the right hand side is well-defined

The structural transformation only extends the setcname. The consequence is only
that a commandc in the main method which is not well-defined in the original
declaration becomes well-formed in the extended declaration.
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The next law state that the introduction of a private attribute has no effect.

Law 6 If neitherN nor any of its super classes and subclasses inCdeclshasx as
an attribute

N[pri]; Cdecls≡ N[pri ∪ {T x = d}]; Cdecls

providedd lies in T and eitherT is a primitive type, orT is declared inCdeclsor
T = N.

Although adding an attribute has no effect, it will allow more well-defined classes
and methods to be introduced using other laws.

Law 7 Changing a private attribute into a protected one may support more ser-
vices.

N[pri ∪ {T x = d}, prot]; Cdeclsv N[pri, prot∪ {T x = d}]; Cdecls

This refinement becomes equivalence if both sides are well-defined. This condition
is required as we do not allow a protected attribute of a class to be redeclared in its
subclass.

Similarly, changing a protected attribute to a public attribute refines the declaration
too. This together with the above two laws allow us to add new attributes as long
as the well-definedness is not violated.

Law 8 Adding a new method can refine a declaration. Ifm is not defined inN, let
m(paras){c} be a method with distinct parametersparasand a commandc. Then

N[op]; Cdeclsv N[op∪ {m(paras){c}}]; Cdecls

The structural transformation only extendsop(N) in the new declaration section,
and does not change the dynamic state variables.

Law 9 We can refine a method. Ifc1 v c2,

N[op∪ {m(paras){c1}}]; Cdeclsv N[op∪ {m(paras){c2}}]; Cdecls

The refinement of the command is done under the same dynamic variables.

Law 10 Inheritance introduces refinement. If none of the attributes ofM is defined
in N or any superclass ofN in Cdecls,

M[∅, pri, prot, pub, op]; Cdeclsv M[N, pri, prot, pub, op]; Cdecls
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provided the right hand side is well-formed.

Introducing an inheritance in this way in fact enlarges the set of attributes ofN (and
those of the subclasses ofN). A structural transformation from the new declaration
section just projects the enlarged set attribute back to the original attributes.

Law 11 We can introduce a superclass. Let

C1 = M[∅, pri ∪ A, prot, pub, op]

C2 = M[{N}, pri, prot, pub, op]

AssumeN is not declared inCdecls,

C1; Cdeclsv C2; N[∅, ∅, A, ∅, ∅]; Cdecls

This can be in fact derived from adding a class and then introducing inheritance.
After introducing a subclass this way, we can continue to apply other laws to intro-
duce more attributes and methods.

Law 12 We can move some attributes of a class to its superclass. If all the sub-
classes ofN but M do not have attributes inA, then

N[prot1]; M[{N}, prot∪ A]; Cdeclsv N[prot1 ∪A]; M[{N}, prot]; Cdecls

This only enlarges the set of attributes ofN. This law and the law for promoting an
attribute to a protected attribute allow us to move a private attribute to the superclass
too. Repeated application of this law allows us to move the common attributes of
the direct subclasses of a class to the class itself.

Law 13 If N hasM1, . . . , Mk as its direct subclasses,

N[prot]; M1[proti ∪ A]; . . . ; Mk[protk ∪ A]; Cdecls

v N[prot∪ A]; M1[prot1]; . . . ; Mk[protk]; Cdecls

Law 14 We copy (but not remove) a method of a class to its superclass. Letm(paras){c}
be a method ofM, but not a method of its superclassN:

N[op]; M[{N}, op1 ∪ {m(paras){c}}]; Cdecls

v N[op∪ {m(paras){c}}]; M[{N}, op1 ∪ {m(paras){c}}]; Cdecls
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Copying a method to its direct superclass does not change any dynamic variable.

Law 15 Letm(paras){c} be a method ofN, then

N[op]; M[{N}, op1]; Cdeclsv N[op]; M[{N}, op1 ∪ {m(paras){c}}]; Cdecls

We can remove a redundant method from a subclass.

Law 16 Assume classN is the direct superclass ofM, m(paras){c} ∈ op∩ op1, and
c only involves in the protected attributes ofN,

N[op]; M[{N}, op1]; Cdeclsv N[op]; M[{N}, {m(paras){c}}m op1]; Cdecls

Similarly, we can remove any unused private attributes.

Law 17 If (T x) is a private attribute ofN[pri] that is not used in any command of
N,

N[pri]; Cdeclsv N[{T x = d}m pri]; Cdecls

We can also remove any unused protected attributes.

Law 18 If (T x = d) is a protected attribute ofN[prot] that is not used in any com-
mand ofN and any subclass ofN,

N[prot]; Cdeclsv N[{T x = d}m prot]; Cdecls

Law 19 We can change a private class into a public class.

private N; Cdeclsv N; Cdecls

A class is allowed to delegate some tasks to its associated classes.2

Law 20 (Expert Pattern for Responsibility Assignment) SupposeM[op1] is de-
clared inCdecls, whereCseclshas

(1) an attributex,
(2) a methodm(){c1(x)} ∈ op1 which may manipulate attributex through execu-

tion of commandc1.

Assume that(M o) is an attribute ofN, then

N[op∪ {n(paras){c[c̃1]}}]; Cdeclsv N[op∪ {n(paras){c[o.m()]}}]; Cdecls

2 This law is very useful in object-oriented system designs [35].
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Here,c1 is obtained fromc̃1 by replacingo.x with x, that is,c1 = c̃1[x/o.x]. Assume
that c̃1 does not refer to any attribute ofN. While c[c̃1] denotes that̃c1 occurs as
part of commandc, and c[o.m] denotes that the command obtained fromc[c̃1] by
substitutingo.m for c̃1.

Proof: Assume thatM andN are public classes. It is easy to see there is a structural
transformation that is identical except forop(N). The dynamic state variables are
the same in both declaration sections. For the left hand side declaration section to
be well-defined,x has to be a public attribute ofM.

Without losing any generality, assume that in the left hand side declaration section,

[[c1(o.x)]]2 = p(y1, y3, o.x,Π) ` R(y1, y3, o.x, y′2, y
′
3, o.x

′, Π′) ∧ (y′1 = y1)

wherey1 does not appear in the left side of an assignment, the initial value ofy2 is
not relevant in the execution ofc1 andy3 is a general variable. We assume that they
are not attributes ofM. In this casey1, y2 andy3 are the actual parameters ofo.M()
in the declaration section on left hand side of the law. According to the semantics
of a method call, we calculate the design for[[o.m()]]2 in the right hand side of the
law.

[[o.m()]]1 = var M self= o, T1 f1 = y1, T2 f2, T3 f3 = y3; Set(M);

p(f1; f2; f3, self.x,Π) ` R(f1, f3, self.x, f ′1, f
′
2, f

′
3, self.x′, Π′);

y2 := f2; y3 := f3; end self, f1; f2; f3; Reset

⇒ p(y1; y3, o.x,Π) ` R(y1, y3, o.x, y′2, y
′
3, o.x

′, Π′) ∧ (y′1 = y1)

= [[c1(o.x)]]2

This implies that methodn() in classN satisfies the condition ofTheorem3 for the
structural transformation. In case one or both ofN andM are private, the refinement
law holds because ofTheorem2.

♣

This law is illustrated by the UML class diagram in Fig. 8. It will become an equa-
tion if x is a public attribute ofM. To understand this law, let us consider the simple
example from the aforementioned bank system inExample1 andExample2.

Consider the methodgetBalanceof classBank. Initially, we might have the following

44



o: M

N

1

N

o:M

M

x

1

M

x

1

n{c[c (o.x)]}

m{c  (x)} m{c  (x)}

n{c[o.m]}

Fig. 8. Object-oriented Functional decomposition

design for it:

getBalance(Int aID, Int res, ∅) def
=

∃a ∈ Π(Account) · a.aNo= aID `
∃a ∈ Π(Account) · a.aNo= aID ⇒ res′ = a.balance

Note that it requires the attributes of classAccountto be visible (public) to other
classes (likeBank). Applying Law 20 to it, we can get the following design:

getBalance(Int aID, Int res, ∅) def
=

∃a ∈ Π(Account) · a.aNo= aID `
∃a ∈ Π(Account) · a.aNo= aID ⇒ a.getBalance(∅; res; ∅)

The refinement delegates the task of balance lookup to theAccountclass.

It is important to note that method invocation, or in other words, object interaction
takes time. Therefore, this object-oriented refinement (and the one described in
Law 22 later) usually exchanges efficiency for ease of reuse and maintainability,
and data encapsulation.

After functionalities are delegated to associated classes, data encapsulation can be
applied to increase security and maintainability. The visibility of an attribute can
be changed from public to protected, or from protected to private under certain
circumstances.

Law 21 (Data Encapsulation) SupposeM[pri, prot, pub], and (T1 a1 = d1) ∈ pub,
(T2 a2 = d2) ∈ prot.

(1) If no operations of other classes have expressions of the formle.a1, except for
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those of subclasses ofM, we have

M[pri, prot, pub]; Cdecls

v M[pri, prot∪ {T1 a1 = d1}, {T1 a1 = d1}m pub]; Cdecls

(2) If no operations of any other classes have expressions of the formle.a2, we
have

M[pri, prot, pub]; Cdecls

v M[pri ∪ {T2 a2 = d2}, {T2 a2 = d2}m prot, pub]; Cdecls

The structural transformation only changes the different kind of attributes, it may
thus affect visibility of attributes, and thus the well-definedness of commands.
However, this will not happen because of the side conditions.

After applying Law 20 exhaustively to methodgetBalance, and applying Law 21 to
the class diagram on the right hand side of Figure 8, we achieve the encapsulation
of the attributebalanceof the classAccount. The attributeaNocan be encapsulated
in a similar way.

Another principle of object-oriented design is to make classes simple and highly
cohesive. This means that the responsibilities (or functionalities) of a class, i.e.
its methods, should be strongly related and focused. We therefore often need to
decompose a complex class into a number of associated classes, so that the system
will be

• easy to comprehend
• easy to reuse
• easy to maintain
• less delicate and less effected by changes

We capture theHigh Cohesiondesign pattern [35] by the following refinement rule.

Law 22 (High Cohesion Pattern) AssumeM [pri, op] is a well-formed class dec-
laration, pri = {x, y} are (or are lists of) attributes ofM , m1(){c1(x)} ∈ op only
contains attributex, methodm2(){c2[m1]} ∈ op can only changex by calling m1

(or it does not have to change it at all). Then

(1) M; Cdeclsv M[prinew, opnew]; M1[pri1, op1]; M2[pri2, op2]; Cdecls,
where
• prinew= {M1 o1, M2 o2}
• opnew= {m1(){o1.m1}, m2(){o2.m2}}
• pri1 = {x}, op1 = {m1(){c1(x)}}
• pri2 = {y, M1 o1}, op2 = {m2(){c2[o1.m1()]}}
such that∀o : M · (o.o1 = o.o2.o1) is an invariant ofM. This invariant has to be
established by the constructors of these three classes.
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This refinement is illustrated by the diagram in Figure 9.
(2) M; Cdeclsv M[prinew, opnew]; M1[pri1, op1]; M2[pri2, op2]; Cdecls, where

• prinew= {M2 o2}
• opnew= {m1(){o1.m1()},m2(){o2.m2()}}
• pri1 = {x}, op1 = {m1(){c(x)}}
• pri2 = {y, M1 o1}
• op2 = {m1(){o1.m1()}, m2(){c2[o1.m1()]}}
This refinement is illustrated by the diagram in Figure 10.

The structural transformations for the two cases have been nearly given in the law.
The proofs of the two refinements in the law are similar to that for the expert pattern.
First takeM to be a public class and then useTheorem2.

Notice that the first refinement in Law 22 requires thatM be coupled with bothM1

andM2; and in the second refinementM is only coupled withM2, but more interac-
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tion betweenM2 andM1 are needed than in the first refinement. We believe that the
above three laws, together with the other simple laws for incremental programming
effectively support the use-case driven and iterative RUP development process [35].
The use of the patterns for responsibility assignment in object-oriented software de-
velopment is clearly demonstrated in Larman’s book [35].

For each of the laws, except for Law 9, letLHS and RHS denote the declara-
tions on the left and right hand sides, respectively. For any main programMain,
each refinement law becomes an equational law:LHS•Main≡ RHS•Main, pro-
videdLHS•Main is well-defined.

7 Conclusions

We have shown how Hoare and He’s design calculus [28] can be used to define an
object-oriented language. A program or a command is represented as a predicate
called adesign, and the refinement relation between designs is defined as logic
implication. Our model reflects most of the features of object-oriented designs [11].
For example, the model shows that inheritance with attribute hiding and method
overriding makes system analysis difficult, while method invocation on an object
may change external states. The good news is that we have been able to impose
constraints on system development so that the “bad” features are not used.

7.1 Related work

Formal techniques for object-orientation have been extensively studied [3, 56, 45,
12, 1, 8]. The work there concerns programming languages. A large amount of
work on operational semantics [56, 12] supports methods of simulation and model
checking. Our calculus is based on a relational model that supports state-based
reasoning and stepwise (or incremental) refinement in system development.

There are a number of recent articles on Hoare Logics for object-oriented program-
ming (see, e.g. [46, 55, 30, 47, 36, 13]). The normal form of a program in our article
is similarly to that of [13, 46]. However, one major difference of our work is that we
also provide a formal characterization and refinement of the contextual (or struc-
tural) features, i.e. the declaration section, of an object program. This is motivated
by our work on the formalization of UML models [40, 41]. This characterization
has been proven to be very useful in defining semantics for integrated specification
languages in general.

Class or object refinements are studied in [5, 36]. A refinement object-oriented
language (ROOL) and some general notions of refinement are defined in [13] us-
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ing predicate transformers without treating reference types. The work in [10], also
without treatment of reference types, describes a set of algebraic laws for ROOL,
that can be used to derive refactorings [18, 19]. Our initial version ofrCOS(called
OOL) with a relational semantics and the idea object-oriented refinement were pre-
sented in [24]. OOL does not have references types or nested variable declarations.
In this article, we have revised OOL and its semantics. We have also provided re-
finement laws that reflect the characteristic aspects, functionality delegation, data
encapsulation and class decomposition for high cohesion, of object-oriented design
and the ideas of design patterns [21, 35]. We also take aweak semanticapproach
meaning that when the pre-condition of a contract is not satisfied, the program will
behave aschaos; any program modification made, such as adding exception han-
dling, is a refinement. We also describe static well-formedness conditions in the
pre-condition so that any correction of any static inconsistency in a program, such
as static type mismatching, missing variables, missing methods, etc. can be treated
as refinements too. This allows us to treatrefactoring [18] as refinement and to
combine it withbehavioural refinement. This combination is important for com-
posing different UML models and reasoning about their consistency [40, 41, 37].

Our work on formal support for object-oriented design using UML [40, 41, 37]
has provided us with the insight of functional decomposition in the object-oriented
setting and its relation with data encapsulation and class decomposition. The main
ideas of those article are summarised in the following subsection.

7.2 Support UML-like software development

Consider the incremental and iterative Rational Unified Process (RUP) [33] and
the use-case driven approach [31]. System requirements capture and analysis starts
by identifying domain (or business) services and the domain structure that consists
of the domainclasses(or concepts) and theirassociations. Business services can
be described by a UML use-case model and the domain structure is represented
as a UML class diagram. The UML class diagram can be formally specified as a
rCOSclass declaration section, and each use case is declared as a set of methods
of a use-case controllerclass. Then the application program is specified as a main
method that uses the services, i.e. calls to the methods, provided in the use-case
controller classes. Therefore, the normal requirement specification is of the form

(CM; Controller1; · · · ; Controllern) •Main

whereCM is a sequence of class declarations obtained from the class diagram (an
association is also declared as a class). EachControlleri is a use-case controller
class (following the facade controller pattern [21, 35]) that contains the functional
specifications (in terms of designs inrCOS) and formalizes the system sequence
diagram of the corresponding use case. Theconsistencyof the class diagram and
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the use cases (their sequence diagrams and functional specifications) has to en-
sure that the class diagramfully supportsthe use cases. Formally, this means that
the declaration section (CM ; Controller1; · · · ; Controllern) of the program is well-
formed and any invocation of a method in a use-case controller inP does not end
with chaos. In case of any inconsistency, we can modify the class diagram or the
use cases (or both) according to the refinement laws that allow us to change the
UML model consistently.

We design each use case by applying Law 20 to delegate its partial responsibilities
to other classes in the class diagram according towhat information a class main-
tains or knows via its associations with other classes. In the mean time, we can
decompose complex classes according to Law 22 and encapsulate data according
to Law 21. Obviously, before applying Law 20 or Law 22, we have to add classes,
attributes and methods. These design or refinement activities lead to incremental
creation of the sequence diagrams and design class diagram of the system, and
the refined laws will ensure that the design class diagram refines the requirement
class diagram. For details about formalization of UML models of requirements and
designs inrCOS, we refer the reader to [40, 41, 37]. For detailed, but informal,
application of the design patterns that have been formalized as refinement laws in
this article, please see Larman’s book [35].

rCOScapturesthe commonality and difference between structured functional de-
velopment and object-oriented development. In the traditional structured approach,
a software project starts with the identification of data and functions. A specifica-
tion of a procedure defines how the data are manipulated in terms of precondition
and postcondition:{Pre}F{Post}. The design is to decompose the functions step-
by-step into subfunctions by applying the decomposition rule

{Pre}F1{Mid}, {Mid}F2{Post}
F v F1; F2

The problem with this approach is that it is difficult to determine a suitableMid,
among many possibilities. In the object-oriented approach that we propose here,
we use theexpert pattern(Law 20) and High Cohesion pattern (Law 22) to decom-
pose a use case according to the system structure modelled by the class diagram.
As in the functional approach, the decomposition has to preserve the functional
specification of the use case, i.e. the pre- and post-condition relations. However,
the decomposition is more pragmatic as its is supported by the knownstructure. In
the structured approach, the design of the system has to be constructed by decom-
position too.

The research of formal support for UML modelling is currently very active [7, 22,
48]. However, there is a large body of work in formalizing UML and providing
tool support for UML focuses on models for a particular view (e.g. a class models,
statecharts, and sequence diagrams), and the translation of them into an existing
formal formalism (e.g. Z, VDM, B, and CSP). Very little work has been conducted
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as to how UML models can berefined consistently. In contrast, we are concerned
with combinations of different UML models, the mostimprecisepart of UML. Our
methodology is directed towards improved support for requirement analysis and
transition from requirements to design models in RUP. Our choice of a Java-like
syntax for the specification language is a pragmatic solution to the problems of
representing name spaces and (the consequences of) inheritance in a notation such
as CSP.

7.3 Limitation and future work

rCOS can be extended to deal with features of communication, interaction, real-
time and resources. If we add variables for traces, refusals and divergence into the
alphabet, the different kinds of semantics of communicating processes can be de-
fined as designs [28]. By introducing clock variables in the alphabet [32, 28, 57, 52],
we can define real-time programs as designs and further extend our approach to
support other aspects of object-oriented programming. Alternatively, one can also
use temporal logic, such as [2], for the specification and verification of multithread-
ing Java-like programs. However, we would like to deal with concurrency at a
higher level [25, 23, 38].

In [11], Broy argued that the property of object identities is too low level and im-
plementation oriented. The use of references does cause side-effects, making the
semantics more complex. A preliminary version of the model without references
can be found in [24]. This simplification is not significant. The complexity mainly
affects reasoning about low level designs and implementations. With our approach,
we can describe change of system state in terms of what objects are created or
deleted, what modifications are made to an object and what links between objects
are formed or broken. Low level features such as method overriding and attribute
hiding are only useful to program around the requirement and design defects de-
tected at the coding stage or even later when one tries to reuse a class with a similar
template in a program that the class was not originally designed. These features
cause problems in programming verification and the smooth application of the no-
tion of program refinements.

Future work includes the study of the completeness of the refinement calculus and
the applications of the method to more realistic case studies. We will also extend
this work to deal with component systems [38, 25, 23]. Further challenges for for-
mal object-oriented methods include the formal treatment ofpatterns[21] in gen-
eral. We are also interested in studying the difference and relationship between our
model and Separation Logic [49, 14], that can be using for extending the calculus
to multi-thread programming.
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